We found convex pentagons whose Heesch number is equal to one, and which admit an edge-to-edge corona. In this manuscript, we present a new classification of these convex pentagons.
Introduction
A planar tiling (or tessellation) is a collection of sets that are called tiles, which covers a plane without gaps and overlaps, except for the boundaries of the tiles. The term "tile" refers to a topological disk, whose boundary is a simple closed curve. If all tiles in the tiling are congruent, then the tiling is called monohedral. Then, the polygon in the monohedral tiling is called the prototile of monohedral tiling, or simply, the polygonal tile [4, 11] . To date, fifteen families of convex pentagonal tiles, each of them referred to as a "Type" (i.e., Type 1, Type 2, etc. up to Type 15) are known 1 (see Figure 1 2 ) [4, 9-11, 14, 18] . Moreover, a tiling by convex polygons is called edge-to-edge if any two convex polygons either are disjoint, or share one vertex or one entire edge. Within the representative tilings of the known families of convex pentagonal tiles, there exist edge-to-edge as well as non-edge-toedge tilings [11, 14, 18] . For example, in Figure 1 , the representative tiling of Type 6 is edge-to-edge, whereas the representative tiling of Type 10 is non-edge-to-edge. It is known that a convex pentagonal tile that can generate an edge-to-edge tiling, belongs to at least one of the known eight families [2, 13] .
Let T be a tile in a plane. A corona of T is the set comprising of the centrally placed original T and its layer of congruent copies of T . The corona is formed without gaps and overlaps (except for the boundaries of T ). The first corona is the set of all tiles sharing a boundary point with a centrally placed tile (including the original tile itself). For an integer h ≥ 2, the h-th corona is the set of all tiles sharing a boundary point with the (h − 1)-th 1 In May 2017, Michaël Rao declared that the complete list of Types of convex pentagonal tiles had been obtained (i.e., they have only the known 15 families), but it does not seem to be fixed as of January 2018 [10, 18] . 2 The classification of Types of convex pentagonal tiles is based on the essentially different properties of pentagons. The conditions of each Type express the essential properties. The classification problem of Types of convex pentagonal tiles and the classification problem of pentagonal tilings are quite different. The Types are not necessarily "disjoint," that is, convex pentagonal tiles belonging to some Types also exist [11, 13] . Figure. 1: Convex pentagonal tiles of 15 families. Each of the convex pentagonal tiles is defined by some conditions between the lengths of the edges and the magnitudes of the angles, but some degrees of freedom remain. For example, a convex pentagonal tile belonging to Type 1 satisfies that the sum of three consecutive angles is equal to 360
• . This condition for Type 1 is expressed as A + B + C = 360
• in this figure. The pentagonal tiles of Types 14 and 15 have one degree of freedom, that of size. For example, the value of C of the pentagonal tile of Type 14 is cos −1 ((3 √ 57 − 17)/16) ≈ 1.2099 rad ≈ 69.32
• . The pale gray pentagons in each tiling indicate a fundamental region (the unit that can generate a periodic tiling by translation only).
corona (including the (h−1)-th corona itself). The maximum number of layers, whose corona of T can be formed, is called the Heesch number of T and is denoted by H(T ). If T is a prototile of monohedral tiling, then H(T ) = ∞. Thus, the convex pentagonal tiles are convex pentagons with H(T ) = ∞. On the other hand, the regular pentagon is a convex pentagon with H(T ) = 0 since it cannot generate a tiling and a corona. The Heesch number is the outcome of the presentation of a convex pentagon with H(T ) = 1 (see Figure 2) by Heinrich Heesch, who proposed the following problem in 1968 [1, 3, 4, 8, 17 ].
Heesch's Tiling Problem. For which positive integers k does there exist a prototile T 0 such that T 0 can be surrounded k times, but not k+1 times, by tiles congruent to T 0 ?
Note that, in 1928, Lietzmann published a curvilinear tile called a spandrel with H(T ) = 1 [8] .
Tiles with a finite Heesch number were known only for tiles with H(T ) = 1 until 1991, but now tiles with H(T ) = 5 are known [8, 17] . However, all tiles with 2 ≤ H(T ) < ∞ that are known so far are concave. The known convex polygons with a finite Heesch number are all polygons with H(T ) = 1 (i.e., convex polygons that can only form the first corona). In 2005, Agaoka discovered the convex heptagon with H(T ) = 1 [1] . Thereafter, Agaoka presented the problem "Is there a convex pentagon T p with 1 ≤ H(T ) < ∞ which admits an edge-to-edge corona?" (As shown in Figure 2 , the first corona formed by the convex pentagon with H(T ) = 1 that Heesch showed in 1968, is non-edge-to-edge, and such a convex pentagon cannot form an edge-to-edge corona.) For the aforementioned Agaoka's problem, the solution "T p " exists. Therefore, there exist convex pentagons with H(T ) = 1, which admit an edge-to-edge corona. Furthermore, according to the same classification method of the convex pentagonal tiles (i.e., classification method based on the essentially different properties of pentagons), we find that there are infinite families of the convex pentagons with H(T ) = 1. However, convex pentagons with H(T ) = 1 should be classified into a finite number of families, when classified according to the criteria called "Category," which is different from the criteria called "Type" used for convex pentagonal tiles with H(T ) = ∞ (see Section 2 for details). In this paper, we introduce the result of classifying convex pentagons with H(T ) = 1, which admit edge-to-edge corona that we found, based on "Category."
2 Convex Pentagons with H(T ) = 1, which admit edge-to-edge corona, and Categories
Preparation
Before assigning a specific Category, we need to explain the description, etc. Naturally, convex pentagons belonging to different Categories have essentially different properties, but the essential properties of convex pentagons within the same Category also differ. However, convex pentagons belonging to the same Category always have some common angle relation and edge relation. In Categories, there are convex pentagons with H(T ) = 1 and convex pentagons with H(T ) = ∞. As described above, the convex pentagons with H(T ) = ∞ are convex pentagons that can generate a tiling that infinitely covers the plane. In this paper, for clarity, when the Heesch number is omitted and the tile is merely described as "convex pentagonal tile," the description refers to a convex pentagon with H(T ) = ∞. For example, when we talk about "a convex pentagonal tile belonging to Type 6" or "a convex pentagonal tile of Type 6," we mean a convex pentagon belonging to (the family called) Type 6 as per the known classification notation, which has H(T ) = ∞. The convex pentagons with H(T ) = 1 shown in this paper, possess properties that can form at least one pattern of edge-to-edge corona (their edge-to-edge corona is the first corona because H(T ) = 1). Some pentagons have either the property of forming some patterns of edge-to-edge corona or the property of forming non-edge-to-edge corona. In Subsection 2.2, we explain the properties in detail using a convex pentagon of Category 1 (details of such properties are omitted for convex pentagons belonging to other Categories).
In each Category, the "Angle relation" and "Edge relation" are the relations between the angles and edges that the convex pentagons in the Category need to satisfy, but their relations are not similar to the conditions of convex pentagonal tiles, as shown in Figure 1 . That is, the notations of these relations of the Category do not represent the essential properties of convex pentagons. The notation of the relations will be explained below, using a convex pentagon of Category 1. As shown in Figure 3 Figure 1 , for example when the edge condition is "a = b = c = d," there is a possibility that the convex pentagon with "a = b = c = d = e" is also included in the Type 3 . However, there is no such possibility with respect to the edge relation of convex pentagons in this section (that is, the edge relation is fixed). Therefore, in order to clarify, the edge relation is expressed as "a = b = c = e = d." Next, let us explain the angle relation. Here, we assume a convex pentagon P 1 that satisfies the relations "2A + B = 2B + E = 360 • " and "a = b = c = e = d," such that the angle relation is looser than the convex pentagon of Category 1. In P 1 , as shown in Figure 3 (b), consider two isosceles triangles, ABC with base angles λ and ADE with base angles γ, and the triangle ACD. Then, the interior angles of P 1 can be expressed as follows:
where, the triangle ACD and the sine theorem gives, The item "Heesch number" shown in each Category is the value of H(T ) of the convex pentagons included in the Category.
Let us call the multi-set of vertices of pentagons a spot. If the sum of the interior angles at the vertices in the multi-set is equal to 360 • , then the spot that can be concentrated by edge-to-edge contact is called EEC-spot. For example, as show in Figure 5 , the spot "2C + A + E = 360 • " of Category 1 can be concentrated by non-edge-to-edge contact, but it can also be concentrated by edge-to-edge contact. Therefore, the spot "2C +A+E = 360 • " is the EEC-spot. On other hand, the spot that cannot be concentrated by edge-to-edge contact is called NEEC-spot.
Classification result by Category
In this subsection, seventeen families of Categories and the convex pentagons belonging to each Category are introduced.
Category 1
Angle relation:
Heesch number: H(T ) = 1. Corresponding Table and Remarks. The shapes of the edge-to-edge corona that can be formed by a convex pentagon of Category 1 are the four patterns shown in Figure 4 . For example, consider "CEAC " as the counterclockwise arrangement around vertex C as shown in Table 1 . It means that the vertices concentrate at a point in the order "C → E → A → C" in the counterclockwise direction on the vertex C of the centrally convex pentagon as shown in Figure 4 . On the other hand, the convex pentagons of Category 1 can also form non-edge-to-edge coronas, which can be seen in the six patterns in Figure 5 .
Next, we show that the convex pentagon of Category 1 cannot have H(T ) ≥ 2 (this explanation is omitted in other Categories). In order for a convex pentagon to generate tiling, it is necessary that two or more of its vertices are concentrated, and the sum of internal angles in the concentration of vertices must be 180 • or 360 • . "2A + B = 2B + E = 2D + A = 2C + A + E = 360 • " is the relation that the sum of the interior angles of the convex pentagon of Category 1 is 180 • or 360 • . Therefore, vertex D necessarily uses the relation "2D + A = 360 • ," and the centrally convex pentagon makes edge-to-edge contact with the other convex pentagons, since there is no relation that the sum of the interior angles is 180 • . There are only two patterns (see Figure 6 ) where the vertex D of the centrally convex pentagon is 2D + A = 360 • . In Figure 6 , the places where the two vertices E are surrounded by the red circle, cannot make a relation of 360 • , and the one that can make the first corona out of the two patterns in Figure 6 , is the pattern of Figure 6 Remarks. Firstly, a convex pentagon satisfying "2A+B = 2C +D = D +C +E = 360 • , a = b = c = d = e" is geometrically impossible (i.e., the case of n = 0 does not exist). Secondly, the convex pentagon for n = 1 is the convex pentagonal tile belonging to Type 6 (in this case, EEC-spots "B + C + E = 3D + 2E = 360 • " and NEEC-spot "2A + 2D = 360 • " also hold). Therefore, the convex pentagon of Category 3 is the convex pentagon with H(T ) = ∞ if and only if n = 1. Then, for n ≥ 2, EEC-spot "(2n + 1) × D + 2E = 360 • " and NEEC-spot "2n × D + 2A = 360 • " should also hold. Let P 2 be a convex pentagon that satisfies " Figure 10 (a), consider two isosceles triangles, ECD with base angles µ and ABC with base angles σ, then the interior angles of P 2 can be expressed as follows:
where 0 • < µ < 90 • from D < 180 • and C < 180 • , and
using the triangle ACE and the sine theorem. If P 2 has the relation "(n + 1) × D + C + E = 360 • ," from (n + 1) × D + C + E = 360 • and (2), we get
From 270 (3) and (4), as µ → 90 • , we see that n → ∞. Thus, there are infinite convex pentagons with H(T ) = 1 belonging to Category 3.
Category 4
• where m is an integer of zero or more, n is an integer of one or more, and m + n ≥ 3. 
Remarks.
As for the convex pentagon satisfying "2A + B = 2D + E = 360 • , a = b = c = e = d," if the convex pentagon also has the relation "2B + E + A = 360 • ," then it is the convex pentagonal tile belonging to Type 9 (in this case, EEC-spot "3B + 2E = 360 • " also holds). Therefore, the convex pentagon of Category 4 is the convex pentagon with H(T ) = ∞ if and only if (m, n) = (2, 1). Note that, in the cases of m = 0, EEC-spot "(2m − 1) × B + 2n × E = 360 • " also holds. Let us assume a convex pentagon P 3 that satisfies "2A + B = 2D + E = 360 • , a = b = c = e = d." As shown in Figure 10 (b), P 3 contains two isosceles triangles, ADE with base angles α and ABC with base angles β. Therefore, we see that the interior angles of P 3 can be expressed as follows:
where, we can see from the triangle ACD and the sine theorem,
and 45 • < α < 90 • (0 • < β < 90 • ) since B < 180 • and β > 0 • .
If P 3 has the relation "m × B + n × E + A = 360 • ," then the integers m and n have relations "m + n ≥ 3, m ≥ 0, n ≥ 1" from the geometric nature. Therefore, when m = 0, from n × E + A = 360 • and (5), we have
Then, 270 • − β > 180 • − α > 0 • for 45 • < α < 90 • , and β = 0 • for α = 90 • . Therefore, from (5), (6) and (7), as α → 90 • , we see that n → ∞. Thus, there are infinite convex pentagons with H(T ) = 1 belonging to Category 4. Remarks. For n = 1, NEEC-spots "2B + D = 3D = 2E + C + D = 360 • " also hold. For n = 3, NEEC-spot "3B + D = 360 • " also holds. The cases of n = 0 and n ≥ 4 do not exist. Remarks. NEEC-spots "2D + E = 2B + C + E = 3E + C = 360 • " also hold. Remarks. The cases of n = 0 and n ≥ 6 do not exist. Note that, in all cases, NEEC-spot "(2n + 1) × B + D = 360 • " also holds. Remarks. The convex pentagon is symmetric to itself with respect to the line through the vertex D and the midpoint of the edge b (AB ). When the vertices D of three convex pentagons are concentrated at a point, it is the convex hexagon that cannot generate a tiling [11] . Then, EEC-spots "3A = 3B = 4C = 3C + E = 3E + C = 4E = 360 Remarks. As for the convex pentagon satisfying "2A + B = 3D = 360
if the convex pentagon also has the relation "2E + B + C = 360 • ," then it is the convex pentagonal tile belonging to Type 8 (in this case, EEC-spots "3C = 2C + D = 2D + C = 2E + B + D = 360 • " also hold). Therefore, the convex pentagon of Category 11 is the convex pentagon with H(T ) = ∞ if and only if n = 1. Note that, in all cases, EEC-spot "(2n − 1) × B + 2E + D = 360 • " should also holds. The cases of n = 0 and n ≥ 4 do not exist.
Category 12
Angle relation: 2A + B = 3E = n × B + 2D + C = 360 where n = 1, 2, 3.
Heesch number: H(T ) = ∞ for n = 1 or H(T ) = 1 for n = 2, 3.
Corresponding Table and Figure: Table 12 and Figure 19 . Remarks. As for the convex pentagon satisfying "2A + B = 3E = 360
if the convex pentagon also has the relation "2D + B + C = 360 • ," then it is the convex pentagonal tile belonging to Types 1 and 5 (in this case, EEC-spots "A+C +D = A+D+E = 3C = 2B + A + D = 2B + 2C = 2D + B + E = 4D = 4B + C = 3B + 2D = 6B = 360 • " and NEE-spots "2C + E = 2B + C + E = 2B + 2E = 4B + E = 360 • " also hold). That is, the convex pentagon of Category 12 is the convex pentagon with H(T ) = ∞ if and only if n = 1. We called this convex pentagon of n = 1 the "TH-pentagon," and it has the relation of heptiamonds [15] . Note that, in all cases, EEC-spot "2(n − 1) × B + 2D + E = 360 • " should also holds. The cases of n = 0 and n ≥ 4 do not exist.
Category 13
Heesch number: H(T ) = 1. Corresponding Table and Remarks. For n = 1, NEEC-spots "A + B + D = 2B + E = 3C + E = 2C + 2E = 3E + C = 360 • " also hold. For n = 2, EEC-spot "6B = 360 • " and NEEC-spots "A + B + D = 2B + A + C = 2B + A + E = 2B + C + D = 2B + D + E = 3C + E = 2C + 2E = 3E + C = 3B + C + E = 3B + 2E = 360 • " also hold. The cases of n = 0 and on ≥ 3 do not exist.
Category 17
Angle relation: 2A + B = 2D + B = 3C = 6E = n × C + 3B = 360 • where n = 1, 2.
Edge relation:
Heesch number: H(T ) = 1.
Corresponding Table and Remarks. For n = 1, NEEC-spots "A + B + D = 2B + A + E = 2B + D + E = 2C + 2E = 3B + 2E = 4E + C = 360 • " also hold. For n = 2, EEC-spots "6B + C = 9B = 360 • " and NEEC-spots "A + B + D = 2B + A + C = 2B + C + D = 2C + 2E = 2B + 2E + A = 2B + 2E + D = 4E + C = 5B + A = 5B + D = 3B + 2E + C = 6B + 2E = 360 • " also hold. The cases of n = 0 and n ≥ 3 do not exist.
Supplement
Category 4 contains the convex pentagonal tile belonging to Type 9, and Category 11 contains the convex pentagonal tile belonging to Type 8. It might seem that there is no Category containing a convex pentagonal tile belonging to Type 7 (see Figure 1) , whose conditions are similar to the convex pentagonal tiles of Types 8 and 9. In conclusion, such a Category does not exist due to the properties of the convex pentagonal tile of Type 7. That can be deduced as follows. Let P 4 be a convex pentagon that satisfies the conditions "2B + C = 2D + A = 360 • , a = b = c = d" of Type 7. In P 4 , consider two isosceles triangles, ABE with base angles α and BCD with base angles β. Then the interior angles of P 4 can be expressed as follows:
If P 4 also has the properties of Categories 4 and 11, it can be considered that "n×E +A+C = 360 • " holds (corresponding to Type 7 when n = 2). However, from (8), the relation of "n × E = 360 • − A − C = 2α + 2β" is admitted geometrically only in the case of n = 2. Therefore, no Category contains a convex pentagon tile belonging to Type 7.
As of date, it is unknown whether there is a Category that includes convex pentagonal tiles of Types 2 or 4 that can generate edge-to-edge tilings.
Conclusions
In this manuscript, we found a convex pentagon with H(T ) = 1 admitting edge-to-edge corona that was classified based on Category. In addition, among the convex pentagons with H(T ) = 1 found in this survey, it is possible to form a first corona even without using a convex pentagon, in which only the convex pentagon of Category 9 is reversed.
The results of this manuscript were obtained by a survey targeting the convex pentagons shown in Table 1 of [12] 4 . Since this is a limited study target, there are still other convex pentagons with a finite Heesch number. Indeed, we have also found some convex pentagons with H(T ) = 1, whose corona cannot be edge-to-edge. (See Appendix. Contrary to our expectations, many convex pentagons with a finite Heesch number were found. Therefore, in our search, we decided to temporarily exclude convex pentagons with a finite Heesch number whose first corona cannot be edge-to-edge. Therefore, we searched only the convex pentagons with finite Heesch number whose first corona can be edge-to-edge).
All convex pentagons with a finite Heesch number that we have discovered are convex pentagons with H(T ) = 1, but it is unknown whether convex pentagons (or convex polygons) with 2 ≤ H(T ) < ∞ exist.
Finally we would like to present a new question based on this research result. We noticed that in the cases of Categories 8-11, the cluster of three convex pentagons can be surrounded only one time. Figure 25 shows these examples. Thus, we present the following question.
Question. When a tile T is convex and can be surrounded only one time using congruent copies of T (i.e., T is a convex tile with the Heesch number 1), there is T such that the cluster of three tiles can be surrounded only one time using congruent copies of T . For an integer k ≥ 4, is there a convex tile T with the Heesch number 1 whose cluster of k tiles can be surrounded only one time using congruent copies of T ? Also, what is the maximum value of k?
Note that Mann declared that for each integer j ≥ 1, there is a tile T j such that two congruent copies of T j can surround j copies of T j (i.e., the cluster of the j tiles) [7] . The tile T j was made by modifying the Voderberg tiles [3, 4] , and is a concave tile with H(T ) = 1.
Kaplan showed that there are infinite families of convex polygons with five or more edges with H(T ) = 1. These convex polygons are shaped like ice cream cones or as such, bisected by lines of symmetry of polygons like an ice cream cone [5] . However, all of the convex polygons with H(T ) = 1 that Kaplan showed in [5] can form only non-edge-to-edge corona. These convex polygons obtained by bisecting a convex polygon such as an ice cream cone correspond to convex tiles with H(T ) = 1, whose cluster of two tiles can be surrounded only one time using congruent copies. Therefore, there are infinite families of convex tiles with H(T ) = 1 whose cluster of two tiles can be surrounded only one time. Of course, convex tiles with H(T ) = 1, whose cluster of three tiles can be surrounded only one time using congruent copies, will be able to adjust state such that the cluster of two tiles can be surrounded only one time.
Our question above may be more interesting by limiting the shape of the tile to asymmetry, or by limiting the corona to edge-to-edge.
